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Section |

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10

1. Which of the following is true for all complex numbers z?

-7

A Imz=——

(A) Y
z+z

B) Imz=

(B) 2=—

(C) Imz= -z

+
(D) Imz=2_
l

2. If [f(x)sinxdx =~ (x)cosx+ [3x* cos xdx,
which of the following could be f (x)?

(A) 3x?
B) x°
C)
(D) -3x?
. _ 3x+11 . . .
3. Which of the following is At expressed in partial fractions?
X = X
1 4
A -
) X—=3 Xx+1
5 2
B -
(B) x-3 x+1
5 2
C) —+—
©) x-3 x+1
1 4
D) ——+—
(D) x-=3 x+1



Given that x and y are real numbers, which of the following statements is true?
(A)  VyEx:|x=Yy)
(B) Wy(Ex:|x<y)
(C)  WyEX:|x|>y)

(D) Vy(Ex:|x=-y)

What is the magnitude of the vector cos@i+sin@ j +tan gk

where O<¢9<%?

(A) 1

(B) cosecd
(C) cotd
(D) secd

Consider the statement x* =9 = x=3. Which of the following statements is
the contrapositive?

(A) x#3=>x*#9
(B) x*#9=x=%3
(C) x=3=x*=9

(D) x#3<x2#9

Lhe points A,Eand Care coIIirEr where
OA=i+j,0OB=2i—j+k , OC=3i+aj+bk.
What are Ehe values of a~and b? ~

(A) a=-3, b=-2

(B) a=3, b=-2

(C) a=-3,b=2

(D) a=3, b=2



10.

A particle is moving in simple harmonic motion about a fixed point O on a
line. At time t seconds, its displacement from O is given by x = 2cos 7t
metres. What is the time taken by the particle to travel the first 100 metres of
its motion?

(A) 20 seconds
(B) 25 seconds
(C) 50 seconds
(D) 100 seconds

A particle is projected horizontally with speed / gh ms™ from the top of a
tower of height h metres. It moves under gravity where the acceleration due to

gravity is g ms. At what angle to the horizontal will the particle hit the
ground?

21

(A) tan >
tan™ 1
(B) N7
C) tan'2

(D) tan'2

2r.
The equation z° =1 has roots 1, o, ®°, ®°, »* where @=e5 . What is the

value of (1—a))(l—a)2)(l—a)3)(l—a)4) ?

(A) -5
(B) -4
€ 4
(D) 5

End of Section |



Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.
For questions in Section I, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet.

(@) A particle is moving in a straight line. At time t seconds it has displacement x metres
from a fixed point O on the line, where x is given by x =1+cos2t +sin 2t

() Express x in the form x=1+acos(2t —«) 2

for constants a>0 and O<a < % )

(i)  Find correct to 2 decimal places the average speed of the particle during 3
the time it takes to first reach O.

(b) Inan Argand diagram the point P represents z, =3+ 2i, the point Q represents

12 -5i . .. . .
zZ,= and O is the origin. z,represents the centre C of the circle passing
Z1

through P, Q and O.

(M Express z, in the form a+ib where a and b are real. 2
(i) Show that ~POQ =% . L
(i)  Express z,in the form a+ib where a and b are real. 2

Question 11 continues on page 6



(©)

Question 11 (continued)

ABC is an acute angled triangle. The altitudes BE and CF intersect at O. The line
AO produced meets BC at D. Relative to O the position vectors of A, B and C are
a, b and c respectively.

(i)  Showthat b.(c—a)=0 and c.(b—a)=0

(i) Hence show that AD | BC

(iii)  What geometrical property of the triangle has been proved?

End of Question 11



Question 12 (15 marks) Use the Question 12 Writing Booklet.

(@)

(b)

(©)

(d)

(€)

2

2
FindJ X dx .
X“+1

(i) Use the substitution u=x*—4 to show that

j\/z)(_4dx=\/x2—4+c .
X J—

N
(i) Hence find the exact value of de .
s Jxi—4
X
M Find the parametric equations of the line | =| y | passing through
z
4
A=(2,-1, 3) whichis parallelto v=| 3
-2

(i) Show that the point B = (10, 5,—1) lies on this line.

Ifa=3i+2j+2k and b=—i+j+k ,
find a unit vector perpendicular to both a and b.

Itis given that a >0 and b >0 are real numbers. Consider the statement
Va[Vb, log, % =log, b] :

Prove that the statement is true.

End of Question 12



Question 13 (5 marks) Use the Question 13 Writing Booklet.

(@) Itisgiventhat z= 212 is a root of the equation z* = a(l+«/§i), where a is real.
() Express 1+ J3i inthe form re' where r>0 and —z <0< 7 .

(i) Find the value of a.

(iii)  Find the other 3 roots of the equation in the form re
where r>0 and -z <0< .

2r

3

(b) (i) Use the substitution t = tang to show that f_idx =In3.
sin x
3
2z 2z
3 3,
. . X T —X 2
(i) Use the substitution u =z — X to show that J—dx = J ——dx
sin x sin x
3 3
2z
3
. X 2
(iii) ~ Hence find the value of J_—dx .
sin x

3

(©)

Let @ be the complex number satisfying »* =1 and Im(w) >0 . 3
The cubic polynomial

P(z)=z3+az’ +bz+c ,haszeros 1, —w and —@ .

Find the values for a, b and c in P(z2).

End of Question 13



Question 14 (15 marks) Use the Question 14 Writing Booklet.

(a) Consider the equation z°+1=0 .
Draw a sketch of the roots of z°+1=0on an Argand Diagram.

(i)
(i) Factor z° +1into irreducible factors with real coefficients.
(iii)  Deduce that cosZ +cosZ == and
5 5 2
T 3z -1
COS—=C0S — = —,
5 4

Write a quadratic equation with integer coefficients which has roots

(iv)

V.4 3T
cos—= and cos? .

Hence find the value of cos% and cos?” as surds.

0
(b) If |n:IXn\/l+XdX n=0,12,...
e

() Find the value of 1,

2n

()  Showthat 1| =——1_, for
2n+3

n=123,..

(i) Hence find the value of I, .

(c)  Use proof by contradiction to show that log, 5 is irrational.

End of Question 14



Question 15 (15 marks) Use the Question 15 Writing Booklet.

(@ Recall that x+1 > 2 for any real number x> 0.
X

(DO NOT PROVE THIS RESULT)

Prove that (a+b+c)(C+=+2)>9
a b c

()
for any real numbers a>0,b>0,c>0.
(i) Provethat & + 2 , ¢ 53
b+c c+a a+b 2

for any real numbers a>0,b>0,c>0

by using the result in (i) and transformations of the form
a—a+b.

(b) A particle is moving in a straight line from a fixed point O on the line, so that at

time t seconds it has displacement x metres, a velocity v ms™and an acceleration
1

1x
of ams™ given by a=e? . Initially the particle is at O and moving with a
speed of 2 ms™while slowing down.

1

1x
() Show that v=-2e* .
(i) Find expression for x, v and a in terms of t.

(iii)  Describe the subsequent motion of the particle.

Question 15 continues on page 11

—-10 -



(©)

Question 15 continues

0, X

In the Argand diagram above, the points A and B represent z, and z,

respectively. ZAOB :% and OA=0B .

(1) Express z,in terms of z,.

(i) Copy the diagram and on it draw the locus L, of points satisfying
lz-z|=|z-2,|.

(ilf) ~ On your diagram draw the locus L, of points satisfying
arg(z-z,)=argz, .

(iv)  Find in terms of z, the complex number representing the point of
intersection of L and L, .

End of Question 15

11 -



Question 16 (15 marks) Use the Question 16 Writing Booklet.

In3
2X
@ Find J € dx 4
e*+1
0

(b) A particle of mass m kg falls from rest under the influence of gravity g in a medium
where the resistance to motion is mkv when the particle has velocity v ms™.

Q) Draw a diagram showing the forces acting on the particle. 1
(i) Show that the equation of motion of the particle is X =k(V —v) where 2
V ms™is the terminal velocity of the particle in this medium, and x

metres is the distance fallen in t seconds.

(i) Find in terms of V and k the time T seconds for the particle to attain 50% 5
of its terminal velocity, and the distance fallen in this time.

(iv)  What percentage of its terminal velocity will the particle have attained in 2
time 2T seconds? Sketch a graph of v against t showing this information.

(v) If the particle has reached 87.5% of its terminal velocity in 15 seconds, 1
find the value of k.

End of Paper

—12 —
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QlA, Q28,Q038,Q4C, Q50, Q6A, Q7€ Q88,059C, Q10D
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|29 f’N}“}\D({

No real x satisﬁes]xl <-2. Hence none of A, B, D is a true statement,

If y<0, ilt >y,and if p>0, ly-i-ll >y . Henee C is a true statement.

cos® 8 +sin® 8 +tan® & = 1+ tan* § = sec®§. Magnitude is secd (0<8<Z}

A is the contra-positive which is logically equivalent (though neither is true)

e e 3 —
AB=i~2j+k and AC=2i+(a—1)j+bk Hence itmi‘w;lm;‘i?.
and ?Emlﬁ for some real A . La=-3and b=2

Period is 2 5 and amplitude is 2 m. Hence particle travels 8 m in one
oscillation. 100=12x8+4 and 12 oscillations takes 25 s,

$=0 v = _12h
9 ‘_: h J": ¢ yEmh == ME'M .. hits ground at
l_ gh ywm,i't ) ¥ 5 angle tan™'/2
gnt ymwzg‘t * J—‘ =
25—15(z-1)(24+23+22+z+1] ( )( }( )(zmwf‘)(z._m")
10 AR LR S L = )( )( )(z—a)")

Then putting z=1 pives (l—co)(lma) )(lma)a)(lww )xS




Caringbah Ext 2 Trial 2020: Question 11

Monday, 27 July 2020 7 54 PH

o a)

) Uses compound angle trigonometric identities to establish result
Some progress eg. correct procedure with one error

[\~

1
Answer
cos2¢+sin2s = \5(3%0052174- -jisin 21‘)
E\E(c052tcos§h+5in2tsmé}) ,-,x=1+\/5c05(2¢~.:})
=2 cos(Zt - %)
” Finds distance fravelled and time taken to first reach O then calculates average speed 3

Substantial progress eg. finds time to reach O and initial position 2
Some progress eg, finds time to reach O 1

Answer
x=0= \Ecos(Ztm%) =]

cos(2t——’;,f—) “—Ul'z'

x=1++2 cos(2t—%) In first & seconds particle moves

v=_.2\/§5in(2f_:}) right from x=2 to x==l+\/§ s
- then leftto x=0.
t=0=2x=2, v=2

(14+2)-2+(1++2) 47

Hence average speed during time it takes to first reach O is (%) = ~1-80ms™
2

[3 ) j) Writes z; in correct form

2
Soime progless eg. attempts to realize denominator, but makes one error 1
Answer
12-5i (12-51)(3-2i) 26-30; .
— 5 5 = S Z,_,_ =237
342§ 342 13
’D | Shows required result. 1
Answer —_
iz, = 1(2 - 3f) =3+42i=z  Hence rotation of OQ anti-clockwise by & gives OP . .. ZPOQ=% .
[ I —_— Ao
m) Correct value of z; 2
Some progress eg. one of real, imaginary parts stated comrectly 1

Auswer

Interval PQ must be the diameter of the circle. Hence C is the midpoint of PQ. ..

C) kl ) Uses the given perpendicular lines to deduce the results
Some progress eg. correct procedure but poorly explained

Answer

EBL AC and Olies on EB. Hence OB.AC=0. ~}.(c~a)=0.



o

L) it / Uses the given perpendicular lines to deduce the results

Some progress eg. correct procedure but poorly explained 1
Answer
EB1 AC and Olieson EB. Hence OB.AC=0. ~b.(c—a)=0.
Similarly, since FC L AB and O lies on FC, ¢.(p—g)=0.
j ] Uses the result from (i) and the properties of dot products to prove the result 2
Some progress eg. use of dot product properties is partially correct 1
Answer
0=b.(¢~a)=b.c—b.ga ~bc=b.g a.b=g.
- Then o
O=¢.(b-ag)=¢.b—¢.a c.h=c¢c.g g (b= 0
Hence AD 1 CB
| S

n ]) | States geometric property

Answer
The altitudes of a triangle are concurrent



Caringbah Ext 2 Trial 2020: Question 12

atandey, 27 ludy 2020 B:DE PR

G J‘ X EL‘('“”J‘(I-- L )drwrmtan"gr-!-c /g\
7 xt+1 Pl ’
b) /) S L

dif == 2x dx

X 1 |
4y e | e (Y
JLIM - Jﬁ z / }

i
=N 4C

mm-}'ﬂ

= (2in4~1inl) - J‘

7z Vx4
5 ¥E]

w2{n4—2[ X --4]

‘ 3

=4ln? — 2

oy
parallcl to ve| 3 i

-2}

C:) F) e Find Ihe parmelric squativos of Uie line 7 passing farougls 4 =(2,~1,3) . 2

(i)  Show that the point B=(10,5,-1) lies on this lige. . 2

(05 21 4) (1 QT@%JN 5= 3440 ?\329 /
3

- ~1473 -
5 ) A @ \ Sdl') In __,I‘;;‘, 3”2X1th /

__}«; ]._'2‘% /"@ /
\'.(le)s)-ﬂ hes an % s



@

Ifua .gf...;.')'.]-.;').f, ahd'b;'_,;);i S o 2

ﬁnd a unit vector perpendicular to both ¢ and 5 .

Um’\a‘ VQJ(J'G!‘ V= th,‘Ho ¥ C’Z

&=t

-l

’ u,‘-)
Lo+ 2o 0 @ T l (3
= e
0-6 RO

Scf:ao \/ A f(fé—* w—l;k) '/

= =0

Uses log laws to prove statement is true

—

Some progress _eg, applies log laws but one error or incomplete explanation

Answer

log, + _~log b_loo 5

Using log laws, for Va>0, Vb0, log, = 2=
a ' f —



Caringbah Ext 2 Trial 2020: Question 13

Monday, 27 haby 2020 H110 PM

0\) l) Correct expression

Some progress eg. finds the modulus

Answer
143 1=2(3+84)=2(cos T+ising) = 27

] I') Coarrect value of a

Answer
14 .
(Zeﬁ") =2ge"
a=§

16e¥ =2a¢"
I [ ) States other 3 roois in required form 3
Substantial progress eg. correct except that @ is not in specified domain 2
Some progress eg. finds one other root 1

Answer
) g
argz® =% +2km, k=0, £, £2,.. 2658 = 9 ¥
argz =5 +k% Other roots are Ze(ﬁ_‘f)! =2¢
Izl =2 ."’.’e{ﬁﬂ)r = Zehlﬁ”
b) 1)
f=tanz o Al+r 2
—1 7y —— (X = '"""'“'""2 -'--—-"1 o i
dt =5sec” £ dx x sinx + ¢ +
24t =(1+1tan? §) dx 5
e dt = dlx *
1 ¥
={Ini}
Y=g = 7
=1In3 —(—-L+n3
== 1=3 1 z ( )
L
[]
——— dx=1n3
= sinx -

-[-D . 1 ummex = dus=-dy

- 3

) C e T—HU

f i dx T-f - -~ du

4. sinXx 2 SID(7T~u) /
s Q
T—u
’ =f - du

x  sinu

2

oo
j Rt
5 sm:c g sinx




N 4
T——

¥
Let I:::f o
b

sinx

Jj':
Then 21 uj (mim +

sin x

%

ir
_ f‘f 7
g sinx

=1 In3

¥ ox
Hence I':::J‘ s (1 2= 2103
£ Sinx

c) Plz): Traz'thy

METHOD 1 .
Since 215 the complex cube oA of unfty
and g e » 0,

i r
0 Soevob ) B
3 3

ﬁwwﬁ%f--és:n%i
Thenee &ré Ew]m:;—{
sl

and mnﬁagfa[z
=1
sateiz-t)(e vl @)
:s{g—jj{:;’ +{@+d)z nuc':‘]
w%awl)i:x’ w,’;ﬂ}

P Tl S TR N

£ o
£ stnx -

)rb:

X

dx

AETHOL Z
Pty Matkod 1, @b e—f ool wdwld
Tum of temy ’
whwl{-w)+{~H)
wln {5}
“1-6-3
=1
R
S of ik ek dire AF § L2
b D mini b Lol 4 {—i{ -5}
= -+ d
et 1
=3
Frodect ¢f moG
wirwe T fru o[~}
£
)
W ogae]

Henee p{z)=r’ -2 121



Caringbah Ext 2 Trial 2020: Question 14

penday, 27 July 2020 A5 Pt

4) r')

'” a=cosg+ising =ai=la*=l, C+T=2cosd

B=cos+ising = =8| =1, B+B=2cos2

-a)e-&)=z"~{a+8) +0F Q\
Z° +l=(z+1){z———a)(z—‘é?)(;—ﬁ)(zm[_})
L=z +1)(z* ~2c08 % - z+1 ) ~20083 -7 +1)

1 I) Equating coefficients of 7 :
O=1-2cos4—2cosE (1)
Equating coefTicients of 77 :
O0=1+1+4dcos%cos 3 - cos¥—2cosE (2) ﬁ

(1) . =  cosk +cos¥ =L

T
@ ~BH =  cosEocos

\\] cos% and cos®2 are roots of
43’1""2"‘—”’1:0

24420 1.5

)

cos§>0 = cosf= 1++/5

4
cos e <0 = coslsmz-;:—-ﬁ—
4

| Correct answer

. Answer
= dx;[mﬂ x]o_"T




') 1!=£1 dr=[1an"x]) =F

At meek kusd

', ] ) Applies integration by parts and rearranges result into required form 3

Substantial progress eg. correct procedure but with one error in execution 2

Some progress eg. applies integration by parts 1

Answer
' 1
In =J 1. 25\ dx
o (1+x%)
i 1
X ~2x
=l - | x. X
[(1 +x2)" L J‘D (14 x*y™
4xD)-1
=2 4 2nJ Qrx)-1,
o +x7Y
I=2"+am{I -1}
2nl, =27 +(2n-1)1,
[/]) Applies recurrence forimula fo evaluate as required
Some progress eg. one error in application of recurrence formula 1
Answer
— -2 — 2 =] Ay 3 +3E
45, =27 430, =2"+ 327+ [ )=14% .= =

C) " “Uses the definition of a rational number to construct a proof by contradiction 2

Some progress eg, quotes the condition for logs5 to be rational i

Answer
5>1 ~log,5>0. Hence log,5 isrational =»3 positive integers p, g with no comumon factor

such that log,5 Then

]
<

o 59=27
But 5 and 2 are prime numbers, so this last statement cannot be true for any positive integers p, g.
Hence by contradiction log, 5 is irrational.



Caringbah Ext 2 Trial 2020: Question 15

wongey, 27 ldy 3070 5:54 PRA

a) 1)

Expands and regroups to establish result

Jome progress eg. expands

Answer
111 a b b ¢ t a
—t =t w3 S [F ]| o [
(a+b+c}(a b+cJ +(b aj (c b] (a cJ
23+2+2+2
=9

a Malces an appropriate transformation to establish required result
| ! \ Substantial progress eg. appropriate transformation, and almost completes proof

Some progress eg. appropriate transformation with some attemipt to expand

i | N 22

Answer

| 1 i
] 2{a+b+ + + 29
a—vath _ (a CJ(:Hb b+e c+a]
b—bt+ec gives

coeta LA I (S22
b+c e+a atb a+d a+b b+c b+e e+a c+a) 2

a b c 9
+ + +1+l+le =~
[b+c cta a+b) 2

a b C
+ +

3
2._
b+e c+a a+b 2

)y Uses appropriate expression for g and integration to produce required expression for v 2
l Some progress eg, correct procedure but neglecis to explain —ve sign 1
Auswey

Initially v <0 since a >0 and particle is slowing down,

1,2
d(z" )ﬁeﬁx
dx
i—‘ulzlei’x+c
- c=0
x=0 = v2m4eJ-‘x
v=-2 y=2eF

I{} | Findsx in terms of 7 by integration, then states v and a in terms of ¢

Substantial progress eg. finds x in terms of ¢ by integration

— ) fra

Some progress eg. uses integration to find x in terms of £, but makes one esror

Answe)



l ( Finds x in termms of ¢ by inteeration, then states v and g in terms of ¢ 3
Substantial progress eg. finds x in terms of ¢ by integration 2
Some progress eg. uses integration to find x in terms of z, but makes one error 1
Answer
dx L
—=—2e%
at
X
[ av=[-2a
—4e ™ =Dt
1x
=0 c=~4 p=—2g" a=e*
x=0 }: Rt po=—t m(e%x)z
2+t
4
x=4In —E— a= 3
2+1 (2+1)
1 n | Correct description [ 1
Answer
Particle continues to mowve in the initial direction of travel without bound, but slowing down at an ever
decreasing rate with velocity and acceleration both approaching 0.
C) 1\ | Correct expression 1
Answer z, =1z
| ﬂ | Sketches the perpendicular bisector of 4B R
Answer
¥4
Ly is the perpendicular bisector of 4B.
If C is such that OACRB is a square, then
Ly is the line OC.
B :’/
~f-
/ X
l Sketches a ray from B parallel to vector 04 |
Anssver

L is a ray from B (excluding the point B) that
is parallel to the vector O4 . This ray will pass

through the vertex C of the square OACB.




1y =
/ Sketches a ray from B parallel to vector O4 1

Answer

L; is a ray from B (excluding the point B) that

is parallel to the vector O4 . This ray will pass
through the vertex C of the square OACB.

\\/) i Correct answer - [

Answer
The intersection of Ly and Ly is the vertex C of the square OACB and C represents z, +z, :(1+ J.F)zl .



Caringbah Ext 2 Trial 2020: Question 16
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(4
NS
s
\
3
W
9

Gy 2% ]
. 3
ifa);) Forces o '
particle t=0
x=0
[ mky T v=0

mg
Y X

r }) mX=mg — mky 8

Asy—== . F.50
i":k(—-— — v) _ i g
k Hence terminal velocity V:TL_
i"—-"k(:['/——v)
dy
Ve— =k (V—-v)
,H) dx
flv__ V —yp
dx ¥

=1

Vv -

x= wz Jv
w3 g J¥ 2l



av va /
-1 .
=1+V

~fx =+ VIn{(V ~v)B}, Bconstant

x=0 = B= !
VEL) Ty

Vo
—fx =y+ V] )
v n( -

1 ' Vv )
xmz{mv+Vin(un }

lV) =Vt (V-

v) is decaying expanentially. Hence (V

~kt = Inf(V-v) A} 4 constant 1\

Particie attains 50% ol terminal ’i'aelucity when /
!

in2
v=bVy, !“‘"T‘"‘—*I;t—* and x= w-(ﬁln?.m!).

~v) halves every T seconds ,

Hence partlcle.reaches 755 of terminal velocity in 217 seconds.

0BS5SV b = e e = o

0’75 V mmmmmm E

0:5V = — =

\f) y ve=87.5% o V after 3T seconds.

In2

37=15 = T=r—=15
k

=41n2

ar

Tty
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